
dqt/dt  = ul(q) + (t,'2)q~(~)tt~/Oyl)(q) -~- (aU6,u)(Op~ (15) 

where t is the time. 

Equations (15) which have been derived descr ibe  the motion of the center  of a part icle  in a nonuniform 

flow of a viscous incompress ib le  liquid~ 
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THEORY O F  TURBULENT MIXING AT THE INTERFACE OF 

FLUIDS IN A GRAVITY FIELD 

V. E. Neuvazhaev and Vo G. Yakovlev UDC 532.517.4 

The theory of turbulent mixing at the interface of two media in accelerated motion was con-  
structed in [1], and an approximate solution was given for  incompressible  fluids. The time 
variation of kinetic energy was neglected in the equation of balance for the kinetic energy 
of the turbulent motion. In [2] the charac te r i s t ic  turbulent velocity is averaged over  the 
mixing region. This allows the initial equations to be solved allo~4ng for the time variation 
of kinetic energy.  I t  turns out that the result ing density profile roughly coincides with the 
profile of [1] within a wide range of variation of the initial density differential.  In the p r e s -  
ent paper  the equations for  the mixing of incompress ib le  fluids are studied in their complete 
form.  It is established that the solutions of [1, 2] are applicable within a limited region, valid 
for  small  density rat ios.  The result ing solution is analyzed qualitatively, and it is shown that 
the density gradient at the mixing front is discontinuous. The dependence of the solution on 
two empir ical  constants is investigated. An approximate choice of the values of these con- 
s~ants is made on the basis  of the theoretical considerat ions of [2, 3], and by compar ison with 
the solution of [1]. The mixing asymmet ry  is found numerical ly  as a function of the initial 
density differential.  Quantitative charac te r i s t i cs  of the solution are i l lustrated in graphs.  

1 .  F o r m u l a t i o n  o f  t h e  P r o b l e m  

In o rde r  to descr ibe  the turbulent mixing of two substances of constant densities Pl and P2 situated in a 
gravi ty field go a semiempi r ica l  theory is constructed.  A charac te r i s t ic  turbulence velocity v and charac te r i s t i c  
turbulence length l are introduced.  An energy balance equation for the turbulence velocity v is  constructed 
f rom dimensional considerat ions [1]: 

Opv2/20t -~ vpv:~/l = plvo~ 2 (1.1) 
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The f i r s t  t e r m  on the l e f t -hand  s ide denotes  the t ime var ia t ion  of kinet ic  ene rgy ,  while the second  t e r m  
with the unknown f a c t o r  v d e s c r i b e s  the e n e r g y  d i ss ipa t ion  of the turbulent  mot ion .  The r i gh t -hand  s ide of the 
equation,  which def ines  the whole p r o c e s s ,  is wr i t ten  f r o m  d imens iona l  cons ide ra t i ons  [1]. H e r e  w is  the 
g rowth  f r e q u e n c y  of s h o r t - w a v e  p e r t u r b a t i o n s  obta ined on inves t iga t ing  the s tabi l i ty  of a r b i t r a r y  o n e - d i m e n -  
s ional  flow, 

co ~ : goO In p/Ox ~ O. 

This  l a s t  e x p r e s s i o n  is a s s u m e d  to be z e r o  if  goa In p/Ox < 0. This  is the s tab le  e a s e  when turbulent  
mixing does not  a r i s e .  To c lose  the s y s t e m  of equat ions  it is  a s s u m e d  that 

1 = aL, (1.2) 

where  L is the width of the mixing  region ,  v~ is a cons tant ,  which, l ike v,  is to be d e t e r m i n e d  expe r imen ta l l y .  

If i n c o m p r e s s i b i l i t y  i s  a s s u m e d ,  the equat ion f o r  the dens i ty  of the mix tu r e  can be  wr i t t en  in the f o r m  

Op/Ot : (O/Ox)DOp/Ox, D -~ lv. (1.3) 

If n e c e s s a r y  the concen t r a t i on  of the l igh te r  subs tance  c = P 2 / P  c a n  be in t roduced .  

The t e r m  with the t ime de r iva t ive  in Eq. (1.1) was  r e j ec t ed  in [1], while in [2] the turbulent  ve loc i ty  v 
was a s s u m e d  to be independent  of  the spa t ia l  va r i ab le ,  and Eq. (1.1) was a v e r a g e d  o v e r  the mixing region .  All 
this s impl i f ied  the solut ion of the p r o b l e m ,  al though it led to apprec i ab le  d i s c r e p a n c i e s  in a s e r i e s  of c a s e s .  

2 .  S e l f - S i m i l a r  N a t u r e  o f  t h e  M o t i o n  

The p r o b l e m  of the mix ing  of two i n c o m p r e s s i b l e  f luids with cons tan t  dens i t i e s  Pl and P2 is  s e l f - s i m i l a r .  
It i s  convenient  to in t roduce  the new t ime var iab le  "r: 

dv = ldt .  (2,1) 

Equat ions  (1.1), (1.4) a s s u m e  the f o r m  

Ou~120v -:.- (v~-/2)0 in p/Ox ~- vv3112 = vgoO In plOx; 

Op/O~ = (O/Ox)vOp/Ox. 

We now i n t r o d u c e  the d i m e n s i o n l e s s  va r i ab le s  

(2.2) 

- :  xg~-~/3~ -2/3 ; "c = (t/27) a'~(El --  E~)a got'~; .(2.,3) 

v = T~/3g~/3 ~(~); p : p16(~). 

Here  X1 and X2 c o r r e s p o n d  to the r igh t -  and le f t -hand  s ides  of  the mixing  f ront .  The  second re la t ion  of Eqs .  
(2.3), e x p r e s s i n g  the new va r i ab le  1- in t e r m s  of the t ime t, was obta ined by in t eg ra t ing  Eq. (2.1), making  use 
of Eq.  (1.2) and the e x p r e s s i o n  f o r  the width L: 

L : :  g~/3 2/3 (~1 _ X.). 

The a c c e l e r a t i o n  go is  cons tan t .  We could a s s u m e  that  

g - :  got~, 

in which c a s e  the power 's  in Eqs .  (2.3) would be d i f fe ren t .  However ,  in this t r e a t m e n t  we cannot  a s s u m e  that 
the a c c e l e r a t i o n  is an a r b i t r a r y  funct ion of t ime as in [1, 2], s ince  the p rob lem u n d e r  c o n s i d e r a t i o n  would not 
then be s e l f - s i m i l a r .  

Substi tut ion of Eqs .  (2.3) into Eqs .  (2.2) leads  to the s y s t e m  of o r d i n a r y  d i f ferent ia l  equat ions  

(2/3)~'  ~- (i ~ ~ /3)6 ' /6  --  (i/3)~ --  ~ / A  = O; (2.4) 
--(2/3)~5' = (~8')', A = (a2/v) (~l -  ~)~ 
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with  the  b o u n d a r y  condi t ions  

~ = ~ :  ~, ==0; 6, - 1; (2.5) 

= )~.: ~ = O; 6~ = l/n - lh~!h. (2.6) 

T h e s e  l a s t  r e l a t ions  r e su l t  f r o m  the obvious condi t ions  at the mix ing  f ron t ,  in i t ia l  dens i t i e s  p~ and p2, and a 
z e r o  turbulent  ve loc i ty  v~ = v~ = 0. 

A f ea tu re  of the r e su l t i ng  s y s t e m  (2.4) is  the fac t  that  i ts  coef f ic ien t  A is  a funct ion of values of the un-  
known cons tan t s  ~ and v ,  which m u s t  be d e t e r m i n e d  exper imenta l ly~  

The o r d e r  of the s y s t e m  (2.4) can be lowered  if we in t roduce  the new var iab le  y: 

y~- = 6'/& 

It i s  obvious  that  the s y s t e m  (2,4) r e d u c e s  to a s y s t e m  of two f i r s t - o r d e r  equat ions :  

(2.7) 

( t 1 3 ) [  + ( t / A ) ~  ~ - -  ( 2 i 3 ) ~ , '  = (1 : -  )@3)y-~; 

- - [ ( 2 , 3 ) k  - -  ; ' 1  = ; @ 2 , 2 y ' / y ) .  

It i s  shown in Appendix 1 that  the r equ i r ed  solut ion m u s t  pas s  th rough  the points  I and II, 

(2.s) 

I ( L = ) u ;  Yx : (2/3)}% ~a = 0); (2.9) 

II (k = }% Y z = -- (2/3)k~; ~_ = 0), (2.10) 

Both points I and II are singular points of the system (2,8) and are saddle-point singularities. The re-  
quired solution has the follo~4ng expansions at point h 

~ ( i ':i 
; = - . . - ~ - & ( z -  & ) - ?  ,2 ~, ( x - & ) ~ +  . . . ,  

at point  tI :  

o ( , a )  
:3 ko. (~. -- L) § \ lz ~ / " " " 

The values  of  k~ and X2 are  u n k n o , ~ .  An addit ional i n t eg ra l  r e la t ion  is obtained on in tegra t ing  Eq. (2.7) 
taking the boundary  condi t ions  (2.5), (2.6) into account :  

!" y~dk = In n .  (2.11) 

This  r e l a t ion  r e s u l t s  in a c losed  p r o b l e m  and enables  us to find a unique solut ion.  This  solut ion is c o n s t r u c t e d  
by n u m e r i c a l  in tegra t ion  f r o m  points  I and II in such a way as to ensu re  that  one of the r equ i red  funct ions  ~, 
fo r  example ,  jo ins  up and is  cont inuous at the s ingu la r  point k = 0. F o r  a f ixed value of kl this can be achieved 
by the cho ice  of  k2~ B e c a u s e  of  the s ingu la r  na ture  of the point at k = 0 the value of the o the r  funct ion y obtained 
at this point  is continuous~ The  va lues  of ~ and y a re  connec ted  by  the following re la t ion  which r e s u l t s  f r o m  
Eq. (2~ ~ e n  k = 0: 

y~ = 0,'3)~o + (l/.i) ~' 

The ini t ia l  point  of  in t eg ra t ion  kl is found by i t e ra t ion  until the in tegra l  r e la t ion  (2.11) is sa t i s f ied .  

3 .  C h o i c e  o f  E m p i r i c a l  C o n s t a n t s  

It has  a l r e ady  been  noted that the s e l f - s i m i l a r  solut ion depends on the p a r a m e t e r  A ~h ich  contains  the 
ra t io  of  the e m p i r i c a l  cons tan t s  ~ / v  in i ts  defini t ion.  The value of c~2/v can be c h o s e n b y  c o m p a r i n g  the d imen-  
s ion le s s  dens i ty  p ro f i l e s  obtained e x p e r i m e n t a l l y  and theore t i ca l ly .  This  n e c e s s i t a t e s  a change to the new 
var iab les  ~, ~-: 
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Fig.  1 F ig .  2 

= (,~6 --  t)/(n --  1) = (p --  P_,)/(O, --  ,%); 

--  .~/X 1 = r/r l( t ) ,  

where  r l ( t  ) c o r r e s p o n d s  to the mix ing  f ron t  on the s ide of  the h e a v y  subs t ance .  The  theore t i ca l  p ro f i l e  v a r i e s  
within wide l imi ts  depending on the value of o~2/u. A c o m p a r i s o n  of  dens i ty  p ro f i l e s  ~(~) f o r  n = 10 is given in 
F ig .  1. 

The value of the cons tan t  az/1, can a lso  be  obtained t heo re t i c a l l y  us ing the r e s u l t s  of [2, 3]. It was 
shown in [2] that  on e l imina t ing  a c c e l e r a t i on  the width of the mixing  region  deve lops  acco rd ing  to the power  
law 

L ~ t '~, n = i / ( i  + v/8a~l~) .  (3.1) 

The quant i ty  77o d e t e r m i n e s  the e f fec t ive  width. If the ef fec t ive  width is def ined as the zone where  0.1 _< 
6 <_ 0.9, then ~0 = 0.906. 

It has  been  shown in the theore t i ca l  t r e a t m e n t  [3] that the tu rbu lence  d e c r e a s e s  acco rd ing  to a 2 /7  law, 
i . e . ,  the c h a r a c t e r i s t i c  t u rbu lence  length l depends  on t ime as fol lows:  

l .-~ C-/7. (3.2) 

Equat ing the power s  in Eqs~ (3.1), (3.2), we obtain an exp re s s ion  fo r  a 2 / u :  

a~-/v = i/20~]o 2 = 0.06i. 

I t  fol lows f r o m  Fig.  1 that s t a r t i ng  f r o m  s o m e  value of  the p a r a m e t e r  o~/v the d i m e n s i o n l e s s  p rof i le  ~ i s  only 
weakly dependent  on the a c c u r a c y  with which the p a r a m e t e r  is de t e rmined .  Within thewide  r ange  0.061 < a2 /v  < 
r162 the d i f f e r ence  be tween  c u r v e s  2 and 3 in F ig .  l i s  not apprec iab le .  Some f ea tu re s  of the ease  ( x2 /u  = 
a r e  s e t  out  in Appendix 2. 

The o the r  e m p i r i c a l  cons tan t  oz is  chosen  by c o m p a r i n g  the theore t i ca l  width L with i ts  expe r imen ta l  va l -  
ue. We p r o p o s e  to do this in p r a c t i c e  by  m e a s u r i n g  the width L 1 taken f r o m  the init ial  pos i t ion  of the in t e r face  
in the d i rec t ion  of the heavy  subs tance .  It is  p r e f e r a b l e  go c o m p a r e  ~ and not L2, s ince  the theore t i ca l  dens i ty  
prof i le  has  a s h a r p  f ron t  in the d i r e c t i o n  o f  the heavy  subs tance ,  while in the d i rec t ion  of the l ight subs tance  
the f ront  could be s m e a r e d  out,  e spec i a l l y  f o r  l a r g e  values  of n (Fig. 2). 

The values  of  X1 and X2 m u s t  be known in o r d e r  to d e t e r m i n e  the cons tan t  ~ in the f o r m u l a  f o r  Ll: 

LI  = ( ~ / 9 ) ( k l  - -  %2)V~lgot ~ 

Graphs  of  the quant i t ies  - X1/~2 and X1 a a re  g iven in F ig .  3 as funct ions  of i n n  f o r  a~/u = 0.061. 

We now eva lua te  c~, c o m p a r i n g  the total width L 

L = (a~lg)(X~ --  ~)3got"- ( 3 . 3 )  

with the width obtained in [1], 
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L = 0.084g~t-" In n. (3.4) 

The  l a s t  f o r m u l a  i s  va l id  f o r  v a l u e s  of n c l o s e  to un i ty .  In the ne ighbo rhood  of  n = 1 the va lue  of (X1 - ~,2) 3 can  
be  d e s c r i b e d  with  a good d e g r e e  of a c c u r a c y  by  the f o r m u l a  

(~.l - -  ~_)3 == 9 in n. (3.5) 

C o m p a r i n g  E q s .  (3.3} and (3.4), and tak ing  Eq.  (3.5) in to  account ,  we then ob ta in  

cz"- = 0.084 (a = 0.29). 

We r e c a l l  tha t  the c o e f f i c i e n t  in f o r m u l a  (3o4) h a s  b e e n  b o r r o w e d  f r o m  [1], whe re  i t  was  d e t e r m i n e d  by  the use  
of  e x p e r i m e n t a l  d a t a  r e l a t i n g  to the  m i x i n g  of  j e t  f low.  Thus  a s o m e w h a t  d i f f e r e n t  va lue  of  the c o n s t a n t  a c o u l d  
be ob ta ined  in s t r a i g h t  e x p e r i m e n t s  on g r a v i t a t i o n a l  mix ing .  Th i s  r e m a r k  a l so  a pp l i e s  to the d e r i v a t i o n  of the 
cons t an t  a2/Vo Its  va lue  h a s  been  e s t i m a t e d  t h e o r e t i c a l l y  and n e e d s  c h e c k i n g  e x p e r i m e n t a l l y .  

4 .  D i s c u s s i o n  o f  R e s u l t s  

We note  s o m e  f e a t u r e s  of the  so lu t ion  ob ta ined  above.  Mix ing  o c c u r s  a s y m m e t r i c a l l y  , whi le  the  va lue  of  
- k i /X2  i s  b a s i c a l l y  d e t e r m i n e d  by the i n i t i a l  r a t i o  of d e n s i t i e s  n and i s  only  weak ly  dependen t  on the p a r a m e -  
t e r  c~2/v .  The v a l u e s  o f - k l - / k  2 a r e  g iven  in F ig .  3 by po in t s  and c r o s s e s ,  r e s p e c t i v e l y ,  f o r  c~2/~, = ~ a n d ~ 2 / y  = 

0.018. F o r  (x2/~ = 0o061 th i s  d e p e n d e n c e  can  be d e s c r i b e d  with  a good  d e g r e e  of a c c u r a c y  by the f o r m u l a  

--kl/}.2 = t ~- 0.222 In n. 

If n - -  1, then -X1 /X  z - -  1, i . e . ,  f o r  s m a l l  d e n s i t y  r a t i o s  m i x i n g  o c c u r s  a l m o s t  s y m m e t r i c a l l y .  If n - -  ~ ,  then 
- X ~ / X 2 ~  oo, but  in such  a way tha t  kl r e m a i n s  f in i t e  (see  F i g .  3). Thus  fo r  l a r g e  d e n s i t y  r a t i o s  a l a r g e r  r e g i o n  
on the s ide  of  the l igh t  s u b s t a n c e  i s  occup ied  by mix ing ,  and in the l i m i t  i t s  width i n c r e a s e s  i nde f in i t e ly .  How- 
e v e r ,  if  the width i s  m e a s u r e d  a c c o r d i n g  to the r eg ion  w h e r e  0.1 -< 6 _< 0.9, then the d e g r e e  of s y m m e t r y ,  d e -  
f ined  by the r a t i o  - M.s/X0.1, i s  f in i t e  f o r  n - -  r162 and equa l  to 0.78 as  can be s een  f r o m  F i g .  3. 

It fo l lows  f r o m  F i g .  2 that  fo r  a f ixed  va lue  of  the c o n s t a n t  o~2/p the d i m e n s i o n l e s s  d e n s i t y  p r o f i l e  6, 
m e a s u r e d  i n u n i t s  of the  d i m e n s i o n l e s s  d i s t a n c e  X, d e p e n d s  on the d e n s i t y  r a t i o n .  Th i s  de pe nde nc e  o c c u r s  
b a s i c a l l y  fo r  va lue s  of  n < 10 ( cu rves  2 and 3) and in the r e g i o n  of  s m a l l  d e n s i t i e s  6 < 0.1. If n > 10, then 
the p r o f i l e s  ~7(~ d i f f e r  only  s l i g h t l y  f r o m  each  o t h e r  ( c u r v e s  1 and 2). 

P r o f i l e s  of ~(X) a r e  g iven  in  F i g .  4 f o r  d i f f e r e n t  va lue s  of  n. It i s  an i n t e r e s t i n g  f ac t  that  as n i n c r e a s e s ,  
the m a x i m a  of ~ m o v e  f r o m  the po in t  X = 0 to the  poin t  X = - 2 . 5 7  (for n = 1000) and then r e t u r n  to the po in t  
X = 0o The  shape  of the C c u r v e  changes  s u b s t a n t i a l l y  in the p r o c e s s .  : 

Thus the m i x i n g  p r o c e s s  o c c u r s  a s y m m e t r i c a l l y ,  and the  g r e a t e r  the i n i t i a l  d e n s i t y  d i f f e r e n t i a l  n, the 
l a r g e r  the  a s y m m e t r y .  The  r e s u l t s  of [2], w h e r e  the mix ing  r e g i o n  i s  s y m m e t r i c  and the p r o f i l e  5 (~ )  i n d e p e n -  
d e n t o f n ,  can be u sed  only in  the n e i g h b o r h o o d  of n = 1 on condi t ion  tha t  the e m p i r i c a l  c o n s t a n t  i s  chosen  on the 
ground that  the p r o f i l e s  a g r e e .  S ince  i t  was shown in [2] that  the so lu t ion  of [1] d i f f e r s  only  s l i g h t l y  f r o m  that  
of [2], then th i s  c o n c l u s i o n  a l so  r e f e r s  to the so lu t ion  c o n s t r u c t e d  in [1]. H o w e v e r ,  i f  we a s s u m e  (as was done 
in Sec .  3 in c a l c u l a t i n g  the  c o n s t a n t  c~) tha t  the r e g i o n s  o c c u p i e d  by mix ing  co inc ide  in [1] and in  the p r e s e n t  
p a p e r ,  then r a d i c a l l y  d i f f e r e n t  p r o f i l e s  6(k) a r e  ob ta ined  f o r  any in i t i a l  d e n s i t y  d i f f e r e n t i a l  (curve  4 in F i g .  2 
i s  t aken  f r o m  [1] f o r  n = 100). By c o n t r a s t  with [1] c a l c u l a t i o n  of the t i m e  d e r i v a t i v e  in  the  k ine t i c  e n e r g y  e q u a -  
tion of b a l a n c e  l e a d s  to a so lu t ion  in which the d e n s i t y  p r o f i l e s  do not  jo in  up s m o o t h l y  at  the m i x i n g  f r o n t s .  
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A P P E N D I X  1 

We s h a l l  show tha t  the r e q u i r e d  so lu t i on  m u s t  e m e r g e  f r o m  the poin t  I (2.9) and p a s s  to the  p o i n t  I I  
(2.10). To do th is  we m u s t  e s t a b l i s h  that  Yl = (2 /3)Xi .  We s h a l l  c o n s i d e r  a l l  the a l l owab le  v a l u e s  of y l :  y l = 0 ,  

Yl = ~o, and Yl > 0 f i n i t e .  

1) Yt = 0. In the  n e i g h b o r h o o d  of the po in t  (kl,  0, 0) the  s y s t e m  of equa t ions  (2.8) a s s u m e s  the  f o r m  

4' = (3/2~1)[(1/3)~ - -  y~]; y+ = - -  ~,~/3~. 

I t  can  be shown tha t  the  r e q u i r e d  so lu t ion  s a t i s f y i n g  the obv ious  cond i t i on  ~ > 0 i s  not among  the  s o l u -  

t ions  e m e r g i n g  f r o m  the s i n g u l a r  po in t  (X1, 0, 0).  

2) Yl = ~ .  In th i s  c a s e  the  s y s t e m  of  equa t ions  (2.8) can  be r e p l a c e d  by the a b r i d g e d  s y s t e m  

~' = _ (3/2~0y +-, y' = (314~,)y3/~  

We d iv ide  one equa t ion  b y  the o t h e r  and i n t e g r a t e :  

dy /d~  = - -  y /2~,  y = c/ 

w h e r e  c i s  a c o n s t a n t  of i n t e g r a t i o n .  
s i n c e  

We ob t a in  the r e s u l t  that  the t u r b u l e n t  f low i s  n o n z e r o  at the m i x i n g  f r o n t ,  

IVOp/OXN ~ 8 ~  ~y~ = C, 

which i s  in c o n t r a d i c t i o n  with  p h y s i c a l  in tu i t ion .  

3) Yi > 0 and i s  c o n s t a n t .  The a b r i d g e d  s y s t e m  of equa t ions  a s s u m e s  the f o r m  

- -  ( 2 / 3 ) , 1  ~- ~') = :  ~ ( y ~  ~- 2 y / y l ) ,  - -  2 ~ 1 ~ ' / 3  : =  y T -  

It  t u r n s  out  tha t  a c u r v e  e m e r g i n g  f r o m  poin t  I and with the n e c e s s a r y  c h a r a c t e r i s t i c s  e x i s t s  on ly  fo r  Yt = 

2X1/3. 

Po in t  II i s  i n v e s t i g a t e d  in  the  s a m e  way,  and i t  c an  be  shown tha t  

�9 y +  = - -  2 ~ + , / 3 .  

A P P E N D I X  2 

Let  v = 0.  Then,  a f t e r  m u l t i p l i c a t i o n  by  36~ and s t r a i g h t f o r w a r d  t r a n s f o r m a t i o n s ,  the f i r s t  equa t ion  of 

the s y s t e m  (2.4) a s s u m e s  the f o r m  

8~ 2 - -  X(6~) ' - -  3~8 ~ = 0. 

Subs t i t u t ing  ~6v in the s e c o n d  equa t ion  of s y s t e m  (2.4), w e  ob ta in  

A f t e r  i n t e g r a t i o n  

28' = (~2), , .  

2(8 - t)  = (8~).' for ~ > o, 2(8 - 1/,0 = ( ~ ) '  for ~ < o. 

H e r e  the b o u n d a r y  cond i t i ons  (2.5), (2.6) a r e  u sed  to d e t e r m i n e  the c o n s t a n t  of  i n t e g r a t i o n .  We i n t r o d u c e  the 
s y m b o l  

z = ~ 

and ob ta in ,  f i n a l l y ,  
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6( V~Y = K T - -  2~(V-ii', 
~, = t 2 ( ~ -  l ) ,  ; . > 0  

[2 (~ --  l/n), L ~ 0  

with the boundary  conditions (2.5), (2.6)~ F r o m  this it  can be deduced that the function z has  a discontinuity at 
= 0. At the point X =- 0 the densi ty  der iva t ive  5 ~ is  continuous. The solution can be cons t ruc ted  numer ica l ly .  

The densi ty  prof i le  for  n = 10 is given in Fig.  1. 
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C h a r a c t e r i s t i c s  of the working cycle in the cyl inder  of a pis ton c o m p r e s s o r  lead to the appearance  of 
p r e s s u r e  and veloci ty  osci l la t ions  of the medium being t r anspor ted  in the associa ted  manifold sys t em,  i .e , ,  a 
pulsat ing gas  flow. Osci l la tory  gasdynamic  p r o c e s s e s  in pipes lead to an appreciable  d e c r e a s e  in eff iciency 
and re l iabi l i ty  in the use  of a c o m p r e s s o r ~  One of the m o s t  efficient  methods of decreas ing  the effect  of a pul-  
sat ing gas flow is  the matching of the init ial  sect ion of the manifold.  The e s sence  of the method consis ts  in 
fi t t ing a lumped r e s i s t ance  (load) a f t e r  that pa r t  of the manifold which is c lo se s t  to the cyl inder ,  The magnitude 
of this load is  a r r anged  to be equal to the wave r e s i s t ance  of the pipe [1]. Since the gas  osci l la t ions a re  low- 
f requency,  the load r e s i s t a n c e  turns  out to be active and nonl inear  as in a s t e ady - s t a t e  flow [2]~ Hence the pos -  
s ibi l i ty  of matching ~4th a nonl inear  r e s i s t a n c e  needs to be  inves t igated fur ther~ 

The one-d imens iona l  nons teady-s t a t e  motion of a gas  in a round pipe of constant  c r o s s  sect ion with a 
veloci ty  of motion much i e s s  than the veloci ty of sound is descr ibed  by the sy s t em of equations [3] 

O + w' = O, w + (wV~ + pv/V)' + (2~Ip)wlwl = O (O ~ x ~ 1). (1) 

The sys t em (1) has b e e n  wri t ten in d imens ion less  fo rm (the length of the pipe, the velocity of sound, and 
the equi l ibr ium gas  densi ty  a re  equal to unity), w is  the flow, p is the re la t ive  density,  3' i s  the poiytropie  in-  
dex, and X is the d imens ion less  hydraul ic  r e s i s t ance  coefficient~ A point denotes different iat ion with r e s p e c t  
to t ime t and a dash,  with r e spec t  to the x coordinate .  

The boundary conditions have  the f o r m  

u,  = ] ( o ) t )  (x  = 0); (pv - l ) / v  = (n /e )wlwl  ( z  = 1), (2) 

where  f i s  a given per iodic  function with per iod 2r ,  and V i s  the hydraulic  r e s i s t ance  coefficient  of the lumped 
i n s e r t  in the D a r c y - W e i s s b a c h  formula .  

In ~hat  follows we shall  a ssume that V >>1, ~ ~ 1, while the bas ic  nonl inear  effect  is  associa ted  with the 
act ive r e s i s t ance  fo r  x = 1~ 

Moscow. T r a n s l a t e d  f rom Zhurnal  Prikladnoi  Mekhardki i Tekhnicheskoi  Fiz iki ,  No, 4, pp. 81-85, Ju ly -  
August, 1976o Original  a r t ic le  submit ted Ju ly  15, 1975. 

This mater~l is protected by copyright registered in the name o f  Plenum Publishing Corporation, 227 West 17th Street, New York, N.Y. 10011. No part 
of  this publication may be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, 
microFdming, recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for $7.50. 

519 


